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- - - . Abstract 

^ : 

, The two-body problem with a central interaction on simply connected constant 

■ curvature spaces of an arbitrary dimension is considered. The explicit expression for 
CNj ' the quantum two-body Hamiltonian via a radial differential operator and generators 

(-H , of the isometry group is found. We construct a self-adjoint extension of this Hamil- 

' tonian. Some its exact spectral series are calculated for several potential in the space 

S3. 

, We describe also the reduced classical mechanical system on a homogeneous space 

of a Lie group in terms of the coadjoint action of this group. Using this approach the 
description of the reduced classical two-body problem on constant curvature spaces 
. is given. 

> 
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^ ■ 1 Introduction 

■ The simply connected constant curvature spaces S" and H" posses isometry groups as 
wide as the isometry group for the EucUdean space E" and have no selected points or 
directions The one-body classical and quantum problems in the central field on these 
spaces were studied in many papers, among which we indicate basic ones P|-|13|. 

In contrast to the Euclidean case, the configuration spaces S" x S", H" x H" of the two- 
body problem on spaces S" and H" are not spaces of a constant curvature. Only space 
isometries that preserve an interaction potential enter in the symmetry group of such 
problem a priori. This group does not suffice to ensure the integrability of the two-body 
problem. At the same time, no "hidden" symmetries or other integrability tools are known 
I for nontrivial potential. Numerical experiments for the reduced classical two-body problem 

in spaces S" and H", n — 2,3 ^3] show the soft chaos in this system for some natural 
interactive potentials. Numerical experiments {^W) and analytical results (^El-CBl) for 
the restricted classical two-body problem on and also prove its nonintegrability. 

The classical mechanical two-body problem in constant curvature spaces was first con- 
sidered in jl9| , where the method of the Hamiltonian reduction of systems with symmetries 
pnj was used to exclude the motion of a system as a whole. The description of reduced 
mechanical systems, their classification, and conditions for existence of a global dynamic 
were obtained using explicit analytic coordinate calculations on a computer. In [22] . an 
analogous quantum mechanical system was considered in the two-dimensional case, i.e. on 
the spaces H^. There, the quantum mechanical two-body Hamiltonian was expressed 
through isometry group generators and a radial differential operator. The structure of 
this expression is similar to the structure of reduced Hamilton function. The idea arises 
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to seek a general procedure for simultaneous simplification both classical and quantum 
problems without performing cumbersome calculations. We present such a procedure in 
the present paper. The obtained expression for the quantum two-body Hamiltonian is 
useful for solving at least three problems. 

First it enables us to prove that the two-body Hamiltonian with the proper domain 
is self-adjoint. Secondly, using this expression, one can reduce the spectral problem for 
the two-body Hamiltonian to a sequence of systems of ordinary differential equations 
enumerated by irreducible representations of the isometry group. In the case of the sphere 

we found all separate differential equations for spectral values, which can be solved in 
an explicit form for some interaction potentials. Thus, although the two-body problem 
on spaces S" and H" seems to be non-integrable in any sense, some its energy levels can 
be explicitly found. Such a situation appears in so called quasi exactly solvable models 
[221 -jUJ. There are two essential differences however. First, usually quasi exactly solvable 
models are artificially constructed. Second exact energy levels are obtained, as a rule, 
from one differential equation with the specially selected potential, but this equation has 
also other unknown spectral values. Conversely, in the problem under consideration we 
select a separate differential equation from systems of ordinary differential equations and 
find all its spectral values. 

Finally, from the obtained expression for the two-body Hamiltonian we derive the 
Hamilton function of the reduced two-body classical mechanical system, using the de- 
scription of a reduced classical mechanical system on a homogeneous space in terms of 
coadjoint orbits of the corresponding Lie group, founded in sectional 

This paper is an essential revision of papers |26| and |27| . made by the first author. 
Some results in those papers were not properly grounded. This was later done in |28| . 
Proofs in the present paper are extended and in some technically difficult cases they 
contain references to |2H1 • More serious revision concerns the theorem of the present 
paper. Because of a confusion between left and right shifts on a group, the statement in 
[77] corresponding to this theorem contains some additional erroneous eigenvectors. 



2 Notations 

Consider the sphere S" as the space E" U {oo} with the metric 



n \ I / n \ ^ 



gs= 4i?2^d^n / i+E^n ' (1) 



i=l /I \ 1=1 



where Xi, i = 1, . . . ,n are Cartesian coordinates in R" and R is the curvature radius. 
Let •) denotes the distance between two points in S". The identity component of a 
whole isometry group for S", acting from the left, is SO(n + 1). The set 



d d 

■, i I < J ^ n, 

(2) 



is a base of Killing vector fields on S". It corresponds to some base in the Lie algebra 
so(n -I- 1). 

Consider the hyperbolic space H" as the unit ball 13" C M" with the metric 

Cn \ / / n \^ n 
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Denote the distance between two points in H" as •). Let Oo(l,«.) be an identity 
component of a whole isometry group for H", acting from the left. Its Lie algebra is 
5o(l, n). The set 



(4) 



is a base of Killing vector fields on H". 



3 Special forms of free Hamiltonians 

Let Qs = S" X S" and Qh — H" x H" be the configuration spaces of the two-body 
problems in S" and H". The corresponding Hamiltonians arc defined as 

HsM = Ai --^ A2 +Uip^''^) EE H^''^ + Uip^''^), (5) 

where Ai and A2 are Laplace-Beltrami operators in the direct factors of S" x S" and 
H" X H", corresponding to the first and the second particles, and J7 is a central potential. 
Here and below the subscript " s" corresponds to the spherical case and the subscript " /i" 
corresponds to the hyperbolic case. 

According to the general concept of quantum mechanics |29j , a domain of the operator 
Hs h must be a proper everywhere dense subspace in the space (Qs.h, dps.h) of all square 
integrable functions on Qs,h- This subspace is chosen in such a way that the operator Hg^h 
becomes self-adjoint; the corresponding measure dfis,h is the product of measures on the 
direct factors of S" x S" (H" x H"), invariant w.r.t.' the group SO(n -f- 1) (Oo(l, n)). 

To express the total Hamiltonian Hs,h through the radial differential operator and 
generators of the isometry group, it is suffices to find such an expression for the free 
Hamiltonian. Recall (see, for example, 1301) that the Laplace-Beltrami operator A on 
spaces S" and H" is respectively self-adjoint with domains 

^2.2 {cbeC^{S",dfis)\^cbeC\S",dfis)}, 

The action of the operator A is considered in the sense of distributions. The operator A on 
S" is essentially self-adjoint on the space C°°(S") of smooth functions, and the operator 
A on H" is essentially self-adjoint on the space of finite smooth functions Cg°(H") |31j . 
Hence the free Hamiltonian Hq'^ is self-adjoint on the product 

W,,h Wl'l (6) 

of two copies of the space W^'^ corresponding respectively to the first and the second 
particles. 

Let F^''' be submanifolds of the space Qs,h, corresponding to the constant value r of 
the function tan(/9*/(2i?)) for the space Qs and the function tanh(/5''/(2i?)) for the space 
Qfi. The submanifolds Fq, are diffeomorphic to S" (the value r ~ 00 corresponds to 
two diametrically opposite points of the sphere S") and Fq is diffeomorphic to H". For 
< r < 00 the submanifold F^ is a homogeneous Riemannian space of the group S0(ri + 1) 
with the stationary subgroup K = SO(n — 1). For < r < 1 the submanifold F^ is a 
homogeneous Riemannian space of the group Oo(l,n) with the stationary subgroup K. 
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Up to a zero measure set it holds Qs = K+ x (SO(n + 1)/K), where R_|_ = (0, oo) and 
also Qh = / X (Oo(l, where / = (0, 1). The operators —Hq''' are Laplace-Beltrami 

ones for the metric gs.h = 2toi5^^^ + 2r7i2(?^.^^ on Qs,h, where the metrics g^^^ and g^^J^ 
have either form or © on different copies of the spaces S" and H", corresponding to 
particles 1 and 2. 

3.1 Two-particle Hamiltonian on x S" 

Given the point Xq € Fr one can identify the submanifold Fr with the factor space SO(n + 
1)/S0(n — 1) by the formula x = gKyio, where gK is the left coset of the element g in 
the group SO(n + 1) w.r.t. its subgroup K. Let (r, yi, . . . , y2n-i) be local coordinates in 
some neighborhood W of the point Xq € Qs and then (yi, . . . , ?/2n-i) are the coordinates 
in the open subset of the submanifold Fr. Then the metric gs in W becomes^ 

2n-l 

9s = grr{r)dr'^ + ^ (r, yi, . . . , y2n-i)dyidyj. 

The second term in this formula is the restriction of a metric g f from the submanifold Fr 
onto the domain Wf]Fr. Using the standard expression for the Laplace-Beltrami operator 
trough local coordinates, one gets 

>-i/2 d ( I d 



Ag, = {grr det 5,, ) — det tt: + ^s/ ■ (7) 



To express the operator Ag^, on Fr through the generators of the Lie group S0(7i + 1) one 
can use the following construction from |33|- 

Let F be a Lie group and Fq be its subgroup. The group F acts from the left on the 
homogeneous space F/Fo. Left-invariant differential operators on the space F/Fq can be 
represented by left-invariant differential operators on the group F that are simultaneously 
invariant w.r.t. the right action of the group Fq. This representation is one to one up to 
operators summands, vanishing while acting onto functions that are invariant w.r.t. right 
Fo-shifts. 

Indeed, functions on the factor space F/Fq are in one to one correspondence with 
functions on the group F that are invariant w.r.t. right Fg-shifts. This correspondence is 
defined by the formula A : /—>/:= /ott, where tt : F — > F/Fq is the canonical projection 
and / is a function on the factor space F/Fq. Let D be a differential operator on F that is 
invariant w.r.t. left F-shifts and right Fg-shifts. Let / be a smooth function on the factor 
space F/Fq. Then the formula D^j = F)j defines the correspondence D Da, where 
is a differential operator on the space F/Fq, invariant w.r.t. left F-shifts. 

Let ei, . . . , ejv be a base of the Lie algebra of the group F, TV := diniF and let 
and Ity denote respectively the left and right shifts by the element 7 € F. The algebra 
of left invariant differential operators on the group F is generated over K by left invariant 
vector fields e\, . . . , e^y, where e-(7) — dL^{ei), 7 G F, i = 1, . . . , N p?H) . 

Let now F ^ SO(n -1-1), Fq = X = SO(n - 1), e[(7) = dR^ie,), i = l,...,N, N = 
{n + l)in + 2)/2, xq = (ri, 0, . . . , 0, ra, 0, . . . , 0) G S" x S", where 



ri = tan arctanr , r2 = — tan arctanr . (8) 

mi + 1712 J V "^1 + "^2 



^We suppose that this metric does not contain summands proportional to drdpi. It is valid for the 
parametrization jgj below. More detailed consideration for a more general parametrization and an arbi- 
trary two-point homogeneous spaces M can be found in 28 . The connection of the two-body Hamiltonian 
with the algebra of invariant differential operators on the unit sphere bundle over M was described in 1321 . 



5 



The set of Killing vector fields Xf^,Y^, i, j — 1, . . . ,n on the space S" x S", corre- 
sponding to |(5J), coincides (up to a permutation) with the set 



exp(rei)7Xo 



T = 



N 



xo = xo(r), < r < oo, 



(9) 



under the proper choice of the basis ei, . . . ,eN- Let be a second order differential 
operator on the group F such that (Ay)^ = '^gf Then it is left invariant and can be 
expressed in the form^ 



JV 



N 



.ij I 



1=1 



where c*-' , are constant on the submanifold Fr- Let e be the unit clement of the group 



r. Obviously, e[|g = e- 



.N and 



N 



N 



(10) 



It yields 



N 



N 



Ag,\ = y c'^ g[ o g^l + y c'ell =: A 



2J = 1 



Ad) 

9/ 



One can find coefficients c*^ in the following way. Consider the ordered set of vec- 
tors { , . . . , Yf^\^^ , Xf2lxo ' • • ■ ' ^inlxo) ^ base in the linear space T^^Fr- Let 

be the dual basis. Then 



5/1 



where 



E 

j=2 



J=2 



a= g(yl^y/)|^^ -2i?2(mi-Km2), 
a.= g(n^y/)|^^^=0, 



2 /, _ 2^2 

fc=l U+^fc-' 



2 2 



fc=l U + "''k) 



Here we consider vector fields as differential operators of the first order. 
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Therefore one gets 



A(2) 

9f 



xo a 



1 1 " 

xo 2^^L 



(12) 



where {•, •} denotes the anticommutator and functions As, Bg, Cg have the form 
mi(l - rlf{\ + rlf + 7713(1 + r2)2(l - r^f 



A, 



4_R^777 i7772(ri — r2)^(l + rir2)^ ' 
777iri(l - rf )(1 + r^)^ + 77727-2(1 - r^)(l + r^)^ 
2i?^r77i7772(ri — r2)^(l + rir2)^ ' 
777irJ(l + r|)^ + 7772r2(l + r^)^ 



i?2mi7772 ( 7-i - r2)2(l + rir2)2 
These functions can be expressed also through the coordinate r: 



' ' COSC+^; (7771 — 7772j SmC I , 



4777x77727' 



BAr) = --;^ f^^^^^(l + r2)cosC+ V^sinC 
V mim2r zrnr'' 



1 f(l + r^? l-r^ 

2 "5 2 C 



E? V Smr"^ 



7771 ~ 

C := 2 arctanr, 777 := 



1 + 

4777x77727' 
777 x 7772 



(777x - 7772) sinC , 



777x + rr72 



I (2) 

The operators Ag^|^ and Agj,' 



mi + 7772 



(see dJ) are invariant w.r.t. reflections Tk : Xk 



-Xk,Xj Xj,j k, j — 1, . . . ,n, k — 2, . . . ,n of the sphere S". Therefore the operator 



A 



is also invariant w.r.t. these reflections. Reflections Tk changes signs of the vector 
fields -'^xfclx ' ^fe Ix T k — 2, . . . ,n, therefore the operator Ag^'' is proportional to Yf\^ . 

The more accurate analysis (see PB|) shows that the operator Ag^'' vanishes. 

If we denote by Y^'\ X^''' ,Y^''' left invariant vector fields on the group SO(77 + 1), 
corresponding to vectors yx'^lxo ' "'^ifelxo ' ^fc Ixo ' k = 2, . . . ,n, we get 



A / = -D'o + 2^sD2 + -C'sDi + BgDs, 



(13) 



where operators Do, Di, D2 and have the form 

n 2 '"'2 



k=2 



k=2 



1 " 



k=2 



By direct calculations in the universal enveloping algebra U{5o{n + 1)), one can get 
(see 122) the following commutator relations for the operators I?o, • • • , 

[Do, D{\ = -2D3, [Da,D2] = 2D3, [Do, D3] = D^ - D2, [Di,D2] = -2{Do, D3}, (14) 

[D„D,] . -{Do,D,} + i--^)i--^) Do, [D2,D,] = {Do,D2} - lli^lKli^^, 

Thus we found the operator Af up to summands, annulled by functions that are 
invariant w.r.t. right Fo-shifts. 
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We are to find now the first term in expression {Tj). At tlie point xq one has 

d 7712 1 + r\ d mi 1 + ^'i d 

dr mi + m2 1 + dri mi + m2 1 + dr2 

and therefore 

_~ f d d \ _ 8R'^mim2 , . 

^"^''^[dr' dr) ~ (mi+m2)(l + r2)2- 

Due to formulas (fTT|l one gets 



^= 8mi?2r»-iar V(l + r2)"-2 5ry 

where the first term is the radial part of the one particle Hamiltonian with the mass m. 

Direct calculation at the point Xq gives for the measure d/i^, corresponding to the 
metric gs in the space Qs, the following expression 

up to a constant factor. 

The measure dfj,s is left invariant w.r.t. the group SO(n + 1) and therefore it can be 
represented in the form d/ig = dvs ® d^f, where dvs = r"~^(ir/(l + r^)^ is a measure on 
IR+ = (0, oo), the same as for the one particle case, and d^f is a measure on SO(n + 1)/K 
left invariant w.r.t. the group S0(7i + 1). 

Each Lie group admits unique (up to a constant factor) left-invariant and right- 
invariant measures (Haar measures [Hll)- For the groups under consideration SO(n -I- 1) 
and Oo(l,n) such measures are two-side invariant. Hence there exist a unique two-side 
invariant measure dr]s on the group S0(7i 4- 1) such that the integral of any integrable 
function / on the space SO(n + i)/K w.r.t. the measure dfif equals the integral of the 
function / on the group SO(n + 1) w.r.t. the measure dr]s. 

Definition 1. For a subgroup Tq of a Lie group T denote by C^{T,To, dr]) the space of 
square-integrable functions on the group T (w.r.t. the measure drj on F) that are right 
invariant w.r.t. Tq -shifts. 

Theorem 1. The free two-particle Hamiltonian onjthe sphere S" can be considered as the 
self-adjoint differential operator (on the manifold Qs = IR+ x S0(7i +1)^ 

frs_ i^ + r'r d f r"-i d\ 
° 8mR\''-^ dr \il + r^)^~^ dr J ^' ^ ' 

with the domain 

Ds D'^^^ (E) Di^) c Hs := (R+,diys) <E) (SO(n -f 1),K, dr),) , 



where 



Df^ := {0 e (SO(n + 1), K, dTjs) I A/ </) e £2 (so(n + 1), K, drj,)} , 



r"-i dr V(l + r2)"-2 dr 

the subgroup K is isomorphic to the group S0(7i— 1), and drj, is a unique (up to a constant 
factor) two-side invariant measure on the group SO(ri+ 1). It means that there exists an 
isometry of the initial space of functions C? {Qs, d^s) onto the space Tis that generates the 
isomorphism of Hamiltonians. The space Ds is everywhere dense in Tis- 



8 



Proof. Expression |(7J) represents the Hamiltonian Hq via coordinates, corresponding with 
the representation of the space Qs as the direct product M-|_ x SO{n + 1) / SO{n — 1) up 
to the zero measure set Fq U F^, which is inessential when studying functions that are 
integrable over this measure. Therefore 

£2 {Qs,dns) = (R+,dj^^) ® £2 (SO(n + 1)/ SO(n - 1), d^/) . 

The isometry A : / — > / of spaces 

£2 (SO(n + 1)/ SO(n - 1), d^/) and C"^ {SO{n + 1), SO(n - 1), d-q^) 

generates the isometry id®A of spaces £^ (R+, di^s) ® £^ (SO(n +1)/ SO{n — 1), dfif) and 
Tis- Calculations above imply that the isometry id® A transforms operator (O into oper- 
ator (|16|l and the space Wg into the space Dg. □ 

Remark 1. In the case n = 2 this result can be obtained by treating a basis in the Lie 
algebra so (3) as a moving frame on the submanifold Fj. For n > 2 this is impossible 

since the SO {n + 1)- action on F^ is not free and the projection of left-invariant vector fields 
from SO(n + 1) onto SO(n +1)/ SO(n — 1) is not well defined. By lifting the Hamiltonian 
onto the symmetry group one can express it through group generators. 



3.2 Two-particle Hamiltonian on the space H" x H" 

The formal substitution R —^ iR, J = 1, . . . , n, (here i is the imaginary 

unit) transforms objects on the sphere S" into objects on the hyperbolic space H" (see 
also |19p. Therefore from results of the previous section one can obtain the two-particle 
Hamiltonian on the space H" x H"; 

^0 - D2^r,-i 7^ T^ -JK^l^ - 7^0 - 7^AhD2 - -ChOi - B^Ua, (17) 



where < r < 1, 

vector fields X^'\ Y^,'''' relate to vector fields (@J in the same way as vector fields X^'^Y^'^ 
relate to vector fields (O, and 

R^ \ Smr^ Smr^ 4mim2r ^ ^ 

B.ir) - ((^^^^^(l-.^)coshC+ i^sinhc) , 

1 / (l~r2)2 l-r^ l-r^ \ 
Ch{r) ^ — + - ^coshC- (mi -m2)sinhC , 

C := 2 — ^ ^ arctanhr. 

Commutator relations for operators Dq, Di, D2, D3 have the form (see |32| ) 
[Do, Di] = 2D3, [Do, D2] = 2D3, [Do, D3] = Di+ D2, [Di,D2] = -2{Do, D3}, (18) 
[D„D,] = -{Do,D,} - ("-^f -^) i)o, [D.,Ds] = {Do,D2} - lli^iKli^^, 
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Theorem 2. The free two-particle Hamiltonian on the space H" can he considered as the 
self-adjoint differential operator on the manifold Qh = / x Oo(l,n) with the domain 

Dh ■■= Di'^ ® i^f C Hh {R+,di^h) ® (Oo(l, n),K, dr^h) , 

where K = SO(n — 1), 

' := {(^ e (Oo(l, n), X, dry^) | A^. G (Oo(l, n), i^, di^h)] , 

, (I) (1 - r^)" 5 / r"-i d \ , r'^-^dr 
i^h •= ^ — ~ I ~ — ~~ I ' ^ 



-Dl - \AhD2 - \i 
a 2 2 



Ah := --D^a - ^^^^2 - ^ChDi - BhDs, 



and drjh is a unique (up to a constant factor) two-side invariant measure on the group 
Oo(l,n). 

The proof is analogous to the proof of theorem ^ 



4 Self-adjointness of two-particle Hamiltonians 

In Euchdean space the self-adjointness of many-particle Hamiltonians with pairwise inter- 
acting particles is usually proved using the Galilei invariance, which has no analog in the 
spaces S" and H" The self-adjointness of one-particle Hamiltonians with singular 

potential unbounded from below can be proved using the perturbation theory for the cor- 
responding quadratic forms. The key point of the proof is the following estimate, called 
the "uncertainty principle" in 

where (•, •) is the scalar product in the space £2(IR'^), V is the gradient operator, and U 
is a potential. To derive this estimate for spaces S" and H" one needs some modification 
of the proof w.r.t. the Euclidean case. Instead of tending to full generality, we are mostly 
interested in physically significant potentials. 

From the self-adjointness of the free two-particle Hamiltonian with domain (|HJ we shall 
prove the self-adjointness of the two-particle Hamiltonian with an interaction using the 
perturbation theory for the quadratic forms. 

Let (•, •) be the scalar product on fibers of the cotangent bundle T*Qs, generated by the 
metric gs, \\ ■ \\ and V be respectively the corresponding norm and the gradient operator. 
Let also C°°{Qs) be real functions'^ such that / is constant on submanifolds F^, 

i.e. / = /(r). Then it holds 

^2||V/|P 2V>(V/,V (/./;)) 
Equation 1)15(1 implies that g^^ = {1 + r'^)'^ / [SRl^m) . Integrating over Qs with the measure 

^AU functional spaces are assumed to comprise complex-valued functions. 



iiwir 



f 



f 
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d/Xs, one gets 



1 



1 



8R^m 



J2 Qj. 



p 



p 



1 



d 



(19) 



F; 



/2(l + r2)»-2 dr 



{fip)drdfif. 



We now want to find a function / such that for every smooth function ■0, the function 



/2(1 +r2)"-2 dr 



has the form ^ (0(r)V'^)- Then the last integral in p9|l can vanish identically. Solving 
the system of equations 



(/')V 



one gets 



(r) 
(r) 



4 ) (0 



/2(l + r2) 



(l + r2)' 



2\n-2 



-rfr 



/(I + r2)"-2 

(n- 2)r"-2/4^ „ 3 



(4|lnr|)"\ n = 2 ' ^ 



/ 



-(n- 2)r2-"/4, n ^ 3 
- (4|lnr|)"^ , n = 2 

(n- 2)2/(4r2), n ^ 3 
('4r2lnV)"^ , n = 2 ' 



CX), 



(20) 



0, r ^ 00. 



It is easy to verify that for any choice of the integration constant the function 4>{r) is 
discontinues at some point, which does not occur in the Euclidean case for n ^ 3. Let 
ujs '■= {x £ Qs\r{x) < 5} and iv'^ :— e Qs\r{x) > S^^]. Choose (5 > in such a way 
that the function (j>{r) is continues in the domain {oj2S U 0^2^) \ {Fq U F^). On the space 
Qs \ {Fq U F^) the continuity domains of the functions /'// f^^d 0(r) coincide; moreover 
both functions are nonzero for r 7^ 0,oo. We set 



Unir) 



r2, n > 3 



and choose the constant k > such that the inequality 

holds. Then due to H19() and H2()|l one gets the following inequality 

K / Un{r)\ll}\'^dfis s% / llVi/'lpdA^s 



(21) 



for the function ip e C°° (Qs) with supp tp C cj^Uo;^. Writing inequality (|21|l separately for 
the real and imaginary parts of a complex- valued function, we obtain (|21|l for an arbitrary 
function t/j G C°° (Qs) with supp?/) C U oj'g. 
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Theorem 3. Let U be a real function that is smooth in the domain Qs \ (Fq U F^) and 
satisfies the estimate U — o(u„(r)) as r —^ 0,oo, uniformly w.r.t. coordinates on the 
second factor of the direct product IR+ x SO(n + 1)/ SO(n — 1), representing Qs up to the 
zero measure set F^UF^. Then the two-particle Hamiltonian Hg is essentially self-adjoint 
in any domain of essential self-adjointness of the free Hamiltonian Hq. In particular, 
is essentially self-adjoint in the domain C°° (Qs)- 

Proof. Theorem X.17 from |SS| states that it is suffice to prove that the inequaUty 



Qs Qs Qs 

is vahd for all il> e C°°{Qs): where < a < 1, 6 G M. Fixing a constant a e (0, 1), we 
choose the function x G C°°{Qs) such that supp x C a;^ U uo'^, xl^j^/aUw^ 2^^' ^ x ^ 1- 
Now let < e ^ (5/2 such that |C/(a::)| ^ aKu„(r(a;))/2, a; G U uj'^. Let also 

c:= sup |C/(x)| and e C°°(Qs). 

Then 

J \U\\ilj\'^dfj.s ^ J Unix)\x'tp\'^dfis + c J \tp\'^d^is- 

Qs i^eUlo'^ 

Applying estimate (|21|) to the first integral, one gets 



w^UwJ Qs Qs 

Hence 

lUM'^dns^^a yilWIl'rfMs + fc j \'>P\''dtis^a j 4^H'^^diis + b j \^\^diis. 
Qs Qs Qs Qs Qs 

where 6 = c + 2sup (|Vxp) □. □ 

Qs 

An analogous result is valid for the space H". 

Theorem 4. Let U be a real function that is smooth in the domain Qh \ Fq and satisfies 
the estimate U ~ o(w„(r)) as r 0,oo, uniformly w.r.t. coordinates on the second factor 
of the direct product I x Oo(l, SO(n — 1), representing Qh up to the zero measure 
set Fq . Then the two-particle Hamiltonian Hh is essentially self-adjoint in any domain 
of essential self-adjointness of the free Hamiltonian Hq. In particular, Hh is essentially 
self-adjoint in the domain C°° {Qh)- 



5 The spectrum of the operator Hg 

It is known (see, for instance, 36 ) that all (enumerable set) irreducible representations of a 
compact Lie group F are finite dimensional and are contained in its regular representation 
by left or right shifts in the space {T,drj), where 77 is a two-side invariant measure on 
the group F. Let 

C^SO{n + l),dr,s)^^Tk (22) 

k 
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be the decomposition of the right regular representation of the group SO(n + 1) into 
irreducible ones. Restricting decomposition H22|l onto the subspace (SO(n + 1), K, drjs) 
of the space £^ (SO(n + l),dr]s) one gets 

£2(SO(n + l),i^,dr7,)=0T,f, (23) 

A; 

where subspaces T^, <Z Tk consist of functions annulled by left invariant vector fields on 
SO(n + 1) generated by elements from the Lie algebra t of the group K = SO(n — 1). 
Differential operators in the space (SO(n + 1), K, drjs), invariant w.r.t. left SO(n + 1)- 
shifts, conserve subspaces 7^'. 

Explicit (and rather cumbersome) expressions for the action of infinitesimal generators 
of the group SO(n) on basis elements (described by the Gelfand-Tsetlin schemes) of its 
irreducible representations were found in [37], |38| . 

Thus the matrix ordinary differential operator that corresponds to the restriction of 
Hs onto the subspace (R+, dvs) (g) 7^' can be found explicitly. It is interesting to find 
one-dimensional subspaces Tk G for which the spaces (R+,(ii^s) ® 7^ are invariant 
w.r.t. the operator Hs- In this case one can found separate spectral ordinary differential 
equations for the two-particle Hamiltonian on the space S" that can be solved explicitly 
for some potentials U{r). 

In the case mi ^ 7712 formulas (|13l) and (|16l) imply that for the realization of this 
program it is sufficient to find common eigenfunctions for operators D^, Di, D2, -D3 in the 
space Tfc. In the case mi = m2 one has Bs{r) = and it is sufficient to find common 
eigenfunctions for operators D^, Di, D2- 

Due to the lack of a general methods for finding common eigenvectors of noncommu- 
tative operators, we restrict ourselves with the case of the three dimensional sphere S'^. 
Recall that the two dimensional sphere was considered from this point of view in |22j . 

The base ii, L2, -L3, Gi, G2, G3 of the Lie algebra so (4) defined as 

Li = liX^3 + Y,n, L2 = hx^, + y/), L, = i(Xj2 + Yi), 

2 2 2 (24) 

Gi = 2(^13 - Y,n. G2 = -{XI, - r/), G3 - -{XI2 - Yi) 

corresponds to the decomposition so(4) = su(2) ® su(2). The corresponding commutator 
relations are^ 

3 3 

[Li,Lj] = ^ eijkLk, [Gi, Gj] ~ ^ eijkGk, [Li, Gj] — 0, l,j — 1, 2, 3, 

k=l k=l 

where eijk is a totally antisymmetric tensor such that £123 — 1. Let 

T± = 1L2 ± is. To - -iLi, W± = iG2 ± G3, Wo = -iGi 

be a base in the complexification of the Lie algebra so(4), where i is the imaginary unit. 
Then one has the following commutative relations 

[To,T+] - T+, [ro,r_] = = 2To, 

[Wo,W+] = W+, [Wo,W^] = [W+,W-] = 2Wo. 

Evidently, operators from different triples commute with each other. 

* Commutative relations for elements of a Lie algebra and commutative relations of corresponding 
Killing vector fields (considered as differential operators of the first order) differ by a sign for a left action 
of an isometry group. 
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Since the group SU(2) x SU(2) is the double covering of the group S0(4) the repre- 
sentation theory for the latter one can be derived from the representation theory for the 
group SU(2). 

Let Ui-^^ii — 0, ^, 1, |, . . . be the unitary space of irreducible representation 7^^ for 
the group SU(2), generated by elements Li,L2,L3. This space has a base ipf^\, ni ~ 
—£i,—ii + 1, . . . ,.^1 + 1, £i, satisfying relations C 1^5)1 

T-i>t - -V(^i+^i)(^i-"i + lX-i- 

Let also ^f^^, , n2 — —^2, —^2 + 1, . . . , ^2 + 1, ^2 be an analogous base in the unitary space 
, £2 = 0, 2, 1, |, ... of irreducible representation T^^ of another copy of the group SU(2), 
generated by Gi, G2, G3, with similar relations 

W^<Pl\ = 712/4, = -v/(^2-n2)(^2+n2 + l)^f,^, + i, 

= -v/(^2+n2)(4-n2 + l)(/)l^,_i. 

Here we identify operators T± , Tq and W± , Wq with their restrictions onto Ug-^ and Vg^ ■ 
An every irreducible representation of SO (4) is isomorphic to the product T^j^ 'SiTe^, where 
£1,^2 are simultaneously integer or half-integer numbers. 

Since the group K = 80(2) is one-dimensional and its algebra is generated by the 
element = Li + Gi = i{To + Wq), subspaces 

^('^1/2) ^ ^(^1/2) := ^1 ® "^2 
of decomposition (|2H|I for the group SO (4) and k = {£i,£2) are generated by vectors 

:=7/'j'^ £= (4,^2),-niin(£i,4) J <niin(£i,^2). (25) 

The dimension of 7^'^^ equals 

2min(£i,£2) + 1 = 4 + 4 - |4 - + 1- 

One should find all common eigenvectors of operators Dq ,Di,D2 and optionally D3 in the 
space Tli^ i^y 

Evidently, eigenvectors of the operator Dq ~ — (To — WqY are 

xi, c+x] +c_xij, i = l,2,...,min(4,^2), (26) 

if £1 , £2 are integer and 

c+X- +c_xij, j = ^,^,...,min(4,^2), (27) 

if £i,-^2 are half- integer. The corresponding eigenvalues are — 4j^. 
Since 

Di = -\ ({T+,T_} + {W+, W-}) - T+W- - T^W+, 

D2 = ({T+, T_} + {W+, W-}) + T+W- + T^W+, 

one should choose eigenvectors of the operators T^W-+T-W+ and {T+,T^} + {W+,W-} 
from ^ and 
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The base (I25II consists of eigenvectors of the operator 

{r+, T_} + {W+,W-} = -(To - W^f -Dl-Di- D2. 

In fact 

({r+,r_} + {w+,w-})x'j = + 1) + 4(^2 + 1) - 2f )x',, 

therefore it is enough to choose eigenvectors of the operators T+W^ + T^W-i- from (|26() 
and lj2Il). Since 



one gets common eigenvectors Xo^'^\ x'o '^^^ where ii and £2 are integer. 

Let eg := 1 if £1,(2 are integer and ei :~ ^ if £i,£2 are half-integer. Since for j = 
££,££ + !,..., min(^i, ^2) it holds 



iT+W-+T^W+){c+x.-+c-X-j) - Vih - J)ih+J + l)i£2 - j)(^2 + J + l)(c+X,+i 



+ c_xi,-i) + Vi^i + j)i£i - J + i)i£2 + 3)(£2 - J + i)(c+x + c-xi,+i), 

the requirement 

{T+W- + T^W+){c+x] + c-xl,) ~ (c+x ■ + c-xi,) 

implies (^1 — j)(^i + j + 1)(^2 — j)(^2 + J + 1) = 0, that gives two cases: < j = f 1 < £2 
and ^ j = £2 ^ ^1- 

In the first case one obtains 



^2£,{£2+£i){£2-£i + l){c+xl-i + c-xi,,+i) = c(c+xl + c^X-i,), c £ C, 
that means either ti — 1 = —£i or — 1 = —£i + 1 = 0, c+ + c_ =0. This gives the 

following eigenvectors x^i'''^^ ± xL^/^^ ^ — ^(^2 + h) and xi^''^^^ ~ x'-i^^^ c = 0. 
22 

In the second case one similarly gets eigenvectors of the operator T^W- + T^W+ in 
the form: 

(T+W_ + T^W+) {x['"^^ ± xL'V^^) = ±{£1 + i)(Xi'"^^ ± xL'i'^^), 

2 2 Z 2 2 

{T+W^ + T^W+) (xf - X^Y^) = 0. 

Only two first vectors Xo^^ '^'i Xo*''^^'' found above are eigenvectors of the operator D3 = 
i{T^W+ -T+W^). 

This consideration is summarized in the following theorem. 

Theorem 5. In the space (S0(4), S0(2), drjs) there are eight partially overlapping se- 
ries of common eigenvectors for operators Dq , Di and D2 : 

1. D.x'r' -D.x't'' -^.D.x't'' -D2x'^'^'' =-^^{^^^^^ 

2. I?oXr^ =^3Xr^^ =0,i?ixr^^ =i?2Xr^' =-4(^2 + l)xr^\^2 = 0,1,2,...; 

S. DUx^-'^^+x^f^^) = -ix^^'^'Ux^f\ 

D.ijy-' + X^^') = -(4+ 2£2 + iKxi^'^^^ + X^f'\ 

D2{xk'''+X^f'')--(M-\)(^^'<x^f\^ 

D,hk^'^ + X^f'') = -i(^2 + i)(x^ '^^^ - X^f\ £2^ hi...; 
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D2 



5. Dl 



D2 
D3 

6. Dl 
Dl 
D2 
D3 

7. Dl 

Dl 
D3 

8. Dl 

Dl 
D3 



x^-'+x4^^ 
x^-^+x4^^ 



Li 



Li 



(l,i?2) 

Xi 

(1,^2) 
Xi 

xi^^^^^ 

Xi 
Xi 



x^¥^^) 
x'¥^') 
x'¥^') 
x'¥^') 



x^l-^) 



X_i ■ 

2 

X_i' 

2 

X_i' 



-(xf-^ + x^r^), 

24 + |)(xf'^^+xi'i^^), 



) = -(^?-i)(x!f"^^ + 



-i(^i + ^)(xf '^^ 



1 3 
2' 2' 



-(xi^-^^^ 



x_ 



i(4 



x4^^^ 



-(£i + 24 + t)(xV 



(i^2) 



x4^^^), 



i)(x^^^^^+x4^^^^2 



1 3 

2 ' 2 ' 



X_i 



-(Xi 



-(^?-i)(x!f"^^ 



^(^? + 24 + |)(x^; 



xl^l-^), 



i(4 



^)(xf-^x^i^^),4 



1 3 
2 ' 2 ' ■ 



xLY^') = iJ2 (x^^-^-x LY->)'= -^2(^2 + i)(xl^^^^^ - xLY^^), 

xLY'>) = 2^2^2(4 + l)ix^''\ ^2 = 1,2,...; 



xLr ) = i?2(xl^^'^^ - xL^l'^V= -^1(^1 + i)(xf ^'^^ 



xL'r^o = 2^24(^1 +l)ix^^ ^1 = 1,2,... 

Only the first and the second vectors are also eigenvectors for the operator D3. 



Seeking an eigenfunction of the operator Hg in the form f[r)ip, where is some vector 
from theorem |31 one gets spectral equation for the two-body problem on the sphere in 
the form 



{l + r^f d 
SmR^r"^ dr \1 



(28) 



The first and the second case of theorem correspond to arbitrary particle masses 
mi,m2 and equalities 



0,1,2,. 



In other cases both particle masses equals 2m and it holds 



a 



a = c = , = : , £ = 1,2,6 .. . 



/.i 3 5 
2' 2' 2' 



4^' 2' 2' 2' 
in cases 7 and 8. 



in cases 3 and 4; 
in cases 5 and 6: 
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Note that the spectral one-particle equation for the radial component ipi''') of an eigen- 
function has the form 

(l + r2)3 d f \ fl{l + l) 



Sn^R^r^ a. V 1 + ^ 1^^^^ + 2 + r^) + U - E ) /(.) ^0, / = 0, 1, 2 . . . 

(29) 

Therefore energy levels can be exactly found from equation (|28() for a = c iff they can be 
found for the one-particle problem with the same potential. 

Usually, the spectrum of an ordinary differential operator can be exactly found if the 
corresponding equation can be solved in elementary functions or it can be reduced to 
the hypergeometric equation (or its limiting cases). The hypergeometric equation is a 
particular case of the Riemann equation, while the latter can be reduced to the former by 
well-known linear transformations of a dependent variable |39| . 

The equation 



{l + r^f c 
SmR^r'^ dr \l 



/' + (r?r"^ + ur^ - E) f{r) = 0, ri,v = const (30) 



is the Riemannian one w.r.t. the independent variable ^ = r^. For r],iy > the correspond- 
ing differential operator admits the Friedrichs self-adjoint extension 22 , and the energy 
levels are 



Ek = ^i 



fc(fc + l) - ^ + (2A;+l) ' / ^ • ■ ' 



2wi ■ , - 



8 ' VV 16 /i V 16 A* 

1 



16 /i V 16 M 



2TOi?2' 



(31) 



By the obvious change of variables in 13111 one can easily find energy levels for the 
equation H28(l with the potential U — ar^^ + /Jr^, a,/3 ^ 0. 

For the sphere S" the analogs of the Coulomb and oscillator potentials are 0,111 

7 / 1\ 2w2i?2r2 

All trajectories of a classical one-particle motion are closed for these potentials. Equation 
(|29|l for potentials 1)32(1 can be reduced to the Riemann one by changing the independent 
variable r ^ u = (1 — r'^)/r for the Coulomb potential and r ^ v = for the oscillator 
one. 

However the coefficients of equation (|30|l for these potentials are rational in the inde- 
pendent variables u and v only for rj = v. This way therefore allows us to reduce equation 
l)28|l with potentials U = Uq and U = Uo to the Riemann equation only for a — c, i.e. in 
cases 1,2,7,8 of theoremEl 

Theorem O implies the self-adjointness of the operator Hg with U — Uq for any n ^ 2. 
For the operator Hg with U = Uo we use the Friedrichs self-adjoint extension. Energy 
levels for equation (|^ with U ^ Uq are (see, for example, 0): 

p ^ 1 , jk + l? W 9 o 

Changing coefficients one can find energy levels for equation H28|l in cases 1,2,7,8 of theorem 
Elwith U = Uq 

i?, = -L^ ( i ( fc^ - ^ + 1 ) - ^ + 2 c + 6 + ^ ^/rT32^' 
2™^' fc e N. 



(v'l + 32c+2fc-l 



. 2 ' 



17 



Similarly, the formula 




k = 0,1,2. 



for energy levels of equation H29|) with U — Uo implies the following energy levels for 
equation 1)28(1 in cases 1,2,7,8 of theoremElwith U = Uo 



El, 



^ ((4fc + 2 + Vl + 32c)^ - 16c + 85 -a) 



6 



+ ^ (4 + 2 + VTT32^) . = , 1 , 2 , . . . 

Reduction of cotangent bundles of homogeneous man- 
ifolds 



Results of this section will be used below for the two-body problem on constant curvature 
spaces. 

Recall that an action of a Lie group F on a smooth manifold M is proper, if for the 
map r X M ^ M X M, {g,x) — > {gx,x) preimages of all compact sets are compact. If 
additionally this action is free, then the orbit space M :— T\M is endowed with a structure 
of a smooth manifold such that the canonical projection tti : Mc — > Mc is a smooth map 

m- 

Let r be a Lie group with the Lie algebra g, Fq C F be some subgroup with the Lie 
algebra go C g, acting on F by right shifts. Denote by M = r*Fi the cotangent bundle 
of the homogeneous space Fi — F/Fq endowed with the standard symplectic structure. 
The standard F-action on M by left shifts is Poisson Let $ : ill — > g* be the 

corresponding momentum map and _ff be a F- invariant function on M. Consider the 
method of the Hamiltonian reduction |20| for the Hamiltonian dynamical system with the 
Hamilton function H on the space M . It is well known 21 that for Fq — {e} the reduced 
phase space is syniplectomorphic to the coadjoint orbit of the group F, endowed with the 
Kirillov form. Theorem IHl below is a generalization of this fact. 

Let F^Q be the stationary subgroup of the group F w.r.t. some point (3q G q* and 
the Adp-action, Op^ be the orbit of Adp-action, containing the point /5o G g*. Denote 

O' 



O', 



/3o 



{/?G Op,\ I3\^^ = O}. Obviously, AdJ„ O;,^ = O'^^. Let Op, = O'^J kA^^ and 
0/3o be the canonical projection. Let lu be the restriction of the Kirillov form 



onto O' . Therefore for elements X,Y £ TpO'^, , P <E O'g of the form 



dt 



Ad 



Ad, 



M/3, X',Y' 



i=0 



one has uj{X, Y) ^ [i {[X' , Y']). Due to Ad*^p(t_^,) (3 



cxp(tF 



= 0, it holds 



d 
'dt 



t=o 



for any element Yq G go- It means that the formula lu{X,Y) ~ Lo{diT ^X,dn ^Y) defines 
the 2-form w on TOp,, for X G T^pOp,, Y G T^pOp,,. 

Theorem 6. Suppose that the orbit Op, is transversal to the subspace anngo C g* and 
therefore the set O'p^ is a submanifold of the orbit Op,. Let also the Ad^^-action on the 
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space O'p^ be free and proper. Then the reduced phase space Mp^, corresponding to the 
value (3q of the momentum map, is symplectomorphic to the symplectic space ^O/So, . 

Proof. Consider a point x £ Mp^ of the level set 

Mp„ ^-\po) C M 

for the momentum map as the orbit Ox' of some point x' — (7,p) G T*T, 7 G F, p G T*T 
under right Fo-shifts on r*F. To avoid cumbersome notations we preserve symbols L-yj 
and respectively for the left (7,^) {"fi"f , L* _ip) and the right (7,_p) (77i,i?*_ip) 

Tl 7i 

actions of an element 71 G F on T*F. Due to the definition of the momentum map pT] 
for a vector 

d 

=0 



X 

dt 



it holds p{X) = l3o{X'), i.e. p = i?*_i/3o. If additionally X' G Ad-^go, then X G 



diTi (Tx'Ox'), where tti : r*F ^ F is the canonical projection, and p{X) = 0. Thus 
one gets Ad* /Soj^^ — 0. 

Denote O = |a;' = (7,p) G T*F| Ad* /3o|g^ = 0,p = i?*_i/3o}- Due to the theorem 
assumptions the set O is a submanifold of T*F. An action of a Lie subgroup on the whole 
Lie group (or its submanifolds) by shifts is always proper. Therefore the quotient manifold 
O/Tq coincides with the set Mpg, which is therefore a submanifold of the space M. Let 
T : O ^ g* — T*r be a map defined by the formula T{-f,p) — L*p = Ad*/3o- The 
following diagram is commutative j21| 



Ad* 

0* ^ 0* 

Consequently two points of the manifold O are mapped by r into one point iff they lie 
on one F/jg-orbit w.r.t. left F^^-shifts on the manifold O. By definition of O it holds 
t{0) — O'p^^ and therefore r is the quotient map O — > Tfj^\0 = O'p^^. 

The point (7,p) is mapped by r into Ad*/3o, so the point R^^XliP) is mapped into 
Ad*^i_i /3o — Ad*^ o Ad* /3o- Thus Fo-orbits in O w.r.t. right shifts are mapped into Adp^- 
orbits in O'^ . 

pa 

By definition the Adp^-action in is free and proper, therefore the intersection of 
Lr,jg- and i?ro-orbits in O consists of no more than of one point. This implies that ir,j„- 
action on the manifold Mp^ = O/Tq is free and the reduced space Mpg :— rpg\Mpg is a 
quotient manifold. 

Hence the map r induces the diffcomorphism 

: = F^„\Af^„ = F^„\ (O/Fo) = {Tp,\0) /To -> O'pJAd*^^ = Op,. 

Finally we need to prove that the symplectic form cD on Mp^ is mapped by (j) into the 
form —u). However this fact is an easy consequence of its particular case for Fq = {e} 
|21| . the possibility to represent vectors tangent to the space Mp^ via vectors tangent to 
O, and the commutativity of the following diagram 

O O 
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for any 70 € Fq. □ 

The form uj is symplectic, therefore one gets 
Corollary 1. The form to on Op^ is symplectic, i.e. it is nondegenerate and closed. 

7 Hamiltonian reduction of the two-body problem on 
constant curvature spaces 

We adjust Poisson brackets with a symplectic structure in the following way. Let be a 
Hamiltonian vector field on a symplectic space M, corresponding to a Hamilton function 
h, then 

dh = uj{-, Xh) = -ixh^, (33) 

where ixOJ is the contraction of the vector field X and the symplectic form uj. The Poisson 
brackets of functions / and h on M are 

[f,h]p -u;{Xs,Xh) = -dh{Xf) = df{Xh). (34) 

It was noted in jTH] that the classical two-body problem on spaces H" and S",n ^ 3 
reaches its full generality at n = 3, since for n > 3 any two elements from the space T*H" 
(r*S") are in some subspace T*li^ C r*H" (T*S^ C r*S"). Therefore two particles with 
a central interaction will always stay in some subspace H"^ (in S^). Below we consider the 
case n = 3. 



7.1 Two body problem on 

Let the space M = T*Qs is endowed with the standard symplectic structure of a cotangent 
bundle. Then due to section [3. II one can represent the manifold M in the form 

r*M+ X T*(SO(4)/SO(2)). (35) 

up to a zero measure set. The symmetry group S0(4) acts only onto the second factor of 
the product (|35|l . therefore the construction from section^can be easily generalize for the 
case under consideration. The reduced phase space for H35|l is 

where the space is constructed for the groups P = S0(4), Pq — S0(2) as in sectional 
Below we shall introduce coordinates in the space Mp^ and express the reduced two- 
body Hamilton function through these coordinates using formula Ijltill . 

For n = 3 the Killing vector fields (0) are Xf2, X23, Yf, Yf, . In the present sec- 
tion for simplicity we use the same notations for the corresponding basis in so (4) (omitting 
the superscript "s") in accordance with 10. Let 

^1 ^ ^23 _^ Y^,L^ = X^^ + Y^,L^ = X^^ + Y^, 
Qi ^ ^23 ^Y\G^ ^ - Y^, = X^^ - Y^ 

be the base in 50* (4), dual to (P^ . Let also 

3 

p = piX^^ + P2X^^ + psX^^ + piY^ + p^Y^ + peY^ = ^ {u,V + v,G') (36) 

1=1 

be an arbitrary element from the space so* (4). 
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In order to avoid cumbersome calculations, similar to calculations in section 13.11 we 
pass from the quantum case to the classical one changing a filtered operator algebra by the 
corresponding graded one. In particular, commutator relations turn into Poisson brackets. 

Formulas (|13(l and l|16() lead to the following expression 

" %mR^ + -vl + ^A, {pI + pI) + -a {pI + pI) - B, {p^ps - P2P&) + U (r) 

for the classical Hamilton function, where pr is the momentum, corresponding to the 
coordinate r. 
Expressions 

Vo := PA, Vl := pI+pI, 1^2 ■= pI+pI, "Pa := -PsPb + P2Pe 

correspond to S0(4)-invariant functions on the space T* (S0(4)/ S0(2)). The substi- 
tution Dk Vk and the subsequent rejection of summands with a degree less than 
deg Dk + deg Dj — 1 transform commutator relations [Dk, Dj] (see (|14|) ') into Poisson brack- 
ets [Vk,'Pj]p. Thus one gets 

[Vo,Vi]p = -2V3, [Vo,V2]p = [n,p3]p ^Vi- V2, 
[Vi,V2]p - -47'oP3, [Pi,V3]p = -2VoVi, [V2,V3]p = 2V0V2. 

Changing variables as pi — Ui + Vi, pz+i — Ui ^ Vi, i = 1, 2, 3 we obtain the following 
form of the two-body Hamilton function 

Hs = ^ pI + ^ ("1 - "1)' + (("2 + V2f + (m3 + 1^3)') 

+ ]^Cs {{u2 - + {uz - V3,f^ - 2Bs {U2V3 - V2U3) + U{r). 

We now construct canonical conjugate coordinates on the space Opg . Due to the special 
choice of the point Xq in the submanifold Fr (see section IXT)) its stabilizer K = S0(2) 
is generated by X23. It is well known that coadjoint orbits of the group SO (3) are two 
dimensional spheres. The Kirillov form on these spheres coincides with their area forms. 
Therefore the orbit Opg is a set of points l|36|l such that their coordinates Ui, Vi, i — 1,2,3 
satisfy the following equations 

uj + ul + ul= vl+vl+vl^ v^, (38) 

where /i, v are nonnegative real numbers. 

The subset C O/Jq consists of elements from O^,, that are annulled by the vector 
X23 and for description of the subset one must add the condition pi = ui + wi = to 
equations 

Let us verify the first assumption of theoreniEl i.e. whether the orbit is transversal 
to the subspace annX23 C so* (4). Consider a point z e with coordinates 

(ui,M2,U3,Wi,W2,W3 = -Ui). 

First let [l,v > A vector 

3 

i=l 

is tangent to the orbit O^,, iff 



uiyi + U2y2 + "32/3 = 0, -uizi + V2Z2 + V3Z3 = 0. 



(39) 
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Since dimannX23 = 5, the orbit Of3„ is not transversal to the subspace annX23 at the 
point z iff T^Opg C annX23. On the coordinate level the latter condition means that 
equations H39|l imply the equality yi + zi — 0. Clearly, it is valid only for U2 = = V2 = 
V3 ~ 0, ui ^ and thus it holds fi = ly > 0. 

If /i > 0, = 0, then ui = vi = V2 = = and a vector Z = yiL^ + 2/2-^^ + UaL^ is 
tangent to the orbit iff 

U2y2 + u^ys = 0. (40) 

Since equation (|40l) docs not restrict values of yi, the orbit Opg is again transversal to the 
subspace annX23. The case fj. = 0,u > is completely similar. 

Thus the orbit Op^ is transversal to the subspace annX23 C 50* (4) iff /i ^ z^. 

Consider the cases \x^v and \i = v separately. 

1. Let [I ^ V. 

(a) First consider the subcase /i, > 0. Let u,ip,x be coordinates on the space 
O'p^ , defined by the following equations 



ui = —vi = u, U2 ~ y/fj^—vP simp , U3 ~ \J 11^ — V? cos V', 

V2 — \J — V? sinx, W3 — \/ — V? cos x, — min{/i, i/} ^ u ^ min{/i, 

The restriction of the Kirillov form from Oji^ onto O'^^ is 

LO — — {uidu2 A c?U3 + U2du3 A dui + u^dui A du2) 

'I (41) 
H {vidv2 A dv3 + V2dv3 A Vi + v^dvi A dv2) — du A d{xp — x)- 

Formulas u u, + X^X + ?jO^C<27r describe the Ad^-action in 

O'p^. This action is free and proper. Therefore Opg ~ ^'pg/ -^'^k is ^ quotient 
manifold with canonical conjugate coordinates (j) — ip — x, — u. 

For n > V > an arbitrary Ad^-orbit in Op^ contains a unique point with 
coordinates 



Ml = U, U2 ^ 0, U3 = \J [X^ -V?, V\,V2-,V-i= -U 

such that 

2 I 2 I 2 2 

Vi + V2 + U — V . 

This implies that the space Op^ is diffeomorphic to the sphere S^. Similarly, 
for > /i > the space Op^ is also diffeomorphic to the sphere S^. 
The coordinate system p^, has a singularity at the points = ± min{/i, v}. 
It differs from the coordinate system on the reduced space in The reduced 
Hamilton function is 

{l + r^f 2 44 1 



1 
2 

25. 



y^M^ - Pl^jt"^ - Plsinc/) + U{r). 
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(b) In the subcase = 0, > (or = 0, /i > 0) the orbit is defined by 

equations ui = U2 = = vi = 0. Therefore it holds ~ and Opg ~ pt. 
The reduced phase space is T*M_|_ with the reduced Hamilton function 

^-^(''' + ^)+^<-)- (*^) 

corresponding to an integrable system. 

2. Let V = jjL. This case corresponds to particle motion along a two dimensional sphere 
C S"^ (see proposition 1). Therefore one can assume F = S0(3) and To — {e}. 
Obviously, the requirements of theorem |H1 are satisfied. 

(a) First consider the subcase (3q ^ 0. In accordance with theorem the reduced 
phase space Mp^ of the two-body problem is diffeomorphic to the space 

n+ X Op,, 

where Op, = C so* (3). The reduced Hamilton function has the form 



(l+r2)2 ,12,1,2,1 



The orbit Op, is defined by the equation 

pI+pI+pI^pI 

and it holds 

[P3,P4]p =P5, [P4,P5]P =P3, [P^,P^\P =P4- 

(b) The last subcase v = jj, = Q corresponds to particle motion along a common 
geodesic (see JH], proposition 2). Here Op„ — pt and one gets 

7.2 Two body problem on 

After excluding the diagonal from the space Qh = x one gets the phase space of 
the two-body problem in the form 

r*/xr*(Oo(l,3)/SO(2)). (43) 

The symmetry group Oo(l, 3) acts only onto the second factor of the product (|43|l . there- 
fore the Hamiltonian reduction leads to the reduced space 

Mp,^T*Ixdp„ 

where Op, is constructed for the groups F = Oo(l, 3), Fo = S0(2) as in sectional 

Since the Lie algebra so(l, 3) is simple, one can not represent Ado„(i 3)-orbits as direct 

products contrary to section FZ. II Nevertheless dynamic systems on the sphere and the 

hyperbolic space are connected by the formal substitution (see section and |19|). 

This motivates the following construction. 

Let Li = X23,L2 = X^ijLs — Ari2, Yi, 12, be the basis in the Lie algebra so(l,3), 

corresponding to KilHng vector fields and , , be the dual basis in 
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so*(l, 3). Let p = piL^ +P2L^ +PzL^ +P4Y^ +p5Y^ +pqY'^ be an arbitrary element from 
so*(l,3). Direct calculation shows that the expressions 



h = pj + pI + pI - pI - pI - pI, PiPi + P2P5 + P3P6 



are invariants of Adg^^ 3-)-action. 



Similarly to section 17.11 one gets the following expression of the two-body Hamilton 
function 

= pT p' + -^0 + lAhV2 + \ChVi - BhVs + U{r), < r < 1, (44) 
where expressions 

Vo ■.= P4, Vi -.^pI+pI, V2 ■=pI+pI, ■■= -P3P5 +P2P6 

correspond to Oo(l, 3)-invariant functions on the space T* (Oo(l, 3)/ S0(2)). One can 
derive Poisson brackets ['Pk,'Pj]p from commutator relations H18(l in full analogy with 
the derivation of brackets H37|l from 1)14(1 



[Vo, Vi]p = 27^3, [Vo, V2]p = 2V3, [Vo, V3]p = Vi+V2, 
[Vi,V2]p = -^VoVs, [Vi,V3]p = -2VoVi, [V2,V3]p = 2V0V2. 

Let OjSg be an AdoQ(i^3)-orbit defined by equations Ii = pL,l2 = v ^ 0, /i, // G M. 
Therefore the subset is defined by equations Ii = /i,/2 = v,Pi = 0. The stationary 
subgroup K ~ SO (2) of the point Xq G Fr is generated by the element Li and the Ad^- 
action coincides with the simultaneous rotation in coordinate planes {p2,P3) and {p5,pe). 
Likewise in section 17.11 one can verify that for v ^ the orbit O^,, is transversal to 
annii C 50*(1,3) and the first assumption of theoremElis valid. 

1. Let V ^ Q. The following formulas define coordinates p4, "0, X on the manifold O'^^ 
P2 = cosh T/; cos X + sinh sin X, P3 = w sinh cos X — w cosh sin X, 

(45) 

P5 = V cosh ip cos X ~ sinh ip sin x,P6 = ~w sinh ip cos x ~ cosh il> sin x, 

where pi,ip €M,x CzR- mod 27r and values u, v are defined by equations 

— v"^ — (1+ pI, uv = V. (46) 

Two solutions of ((46|l differ in sign and it suffice to choose either of them. The Ad^- 
action is free, proper and corresponds to the rotation X ^ X + Thus theoremElis 
applicable. 

An every Ad^-orbit in O'^^ contains a unique point with coordinates 

V 

P\=P2 = 0, Pa > 0,P4,P5,P6 = — 

P3 

such that 

,2 



„2 I „2 _ 2 



P4+P5=P3~ -o ~ f^- 
P3 

This equation defines a unique positive p^, therefore the space O^g^ is diffeomorphic 
to the plane with global coordinates P4,,P5- 

Thus for V ^ Q the reduced phase space Mp^ of the two-body problem in is 
diffeomorphic to the space 

T*I X 
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It is well known that Ad^-orbits of an arbitrary Lie group G coincides with symplec- 
tic leaves of the canonical Poisson structure in the space g*. Let {ei}"^]^ be a basis in 
the Lie algebra g, [e^, Cj] = c^j^k and {cci}"^^ be coordinates on g*, corresponding 
to the dual basis {e*}"^^. Let also /i, /2 be arbitrary smooth functions on g*. Then 
their Poisson brackets has the form 

r ^ ^ 1 fc ^/i 



The choice of a sing in this equation is defined by the correspondence between com- 
mutators of differential operators and Poisson brackets of corresponding functions. 

We shall use Poisson brackets on 50* (1,3) for construction of canonical conjugate 
coordinates on the space O/Jq. Formulas 



4 \{P2 + P&? + {P5 ~ Pif 

1 / , (Pb~P'i\ , f P5+P3 

X = — arctan — arctan 

2 V \P2+PqJ \P2 -P6 

3 3 3 

[Li, Lj] — y ^ EijkLk, [Yi, Yj] = — ^ ^ EijkLk, [Li, Yj\ ~ ^ ^ SijkYk, 

k=l k=l fe=l 

yield the following relations 

[p4,i^]p^-i, [p4,x]p = o, [^,x\p^O- 

Therefore equations H33|l and H34|l imply that the symplectic structure on the space 
Opg is defined by dp^ A dip. From l|45() one gets 



pI 



+ pI^\ (^M + P4 + V^(M + Pl7^^cosh2^/.^ 

pI+pI = 1 i-^^-pl + \j{^i + plf + cosh 2^ 



P^Pb - P2P& = 2 



i \J^^ii^^~pX^^^^^ sinh 2'0 . 



Introducing the new canonical conjugate coordinates — pi/2,(j) — 2i]j, one gets 
from (|44|l the final form of the reduced Hamilton function 



(l-r2)2 44 I , U „ 2 o //M 



2 2 

2Sh\/(^+p|) +^sinh0 + C/(r). 



2. The case 1/ = corresponds to the particle motion along a hyperbolic plane C H'' 
(see lEl) proposition 1). Thus one can assume P = Oo(l, 2) and Pq ~ {e}. Obviously, 
requirements of theorem are satisfied. 
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(a) First consider the subcase /3q ^ 0. In this case according to theorem the 
reduced phase space Mp^ of the two-body problem is difFeomorphic to the space 

T*IxOp„, 

and the reduced Hamihon function has the form 

Here P3,P4,P5 are coordinates on the space so*(l, 2) and 

[P3,P4:]P =P5, [P4,P5]P = -P3, [P5,P3]P ^ PA- 

The orbit is defined by the equation 

2 2 2 
P3-Pa-P5= 

For /i > the orbit Op„ is a one sheet of a two-sheet hyperboloid (diffeomorphic 
to the plane R^), for /i = it is the cone without vertex (diffeomorphic to 
M2\pt), and for /i < it is a one-sheet hyperboloid (diffeomorphic to the 
cylinder R x S^). 

(b) The last subcase /3o = corresponds to particle motion along a common 
geodesic (see ^H], proposition 2). Here Op^ = pt and one gets 

M.=T*I,Hs=^-^pl + U[r). 

8 Conclusion 

In the present paper we have found the expression of the two-body Hamiltonian on spaces 
S" and H" through a radial differential operator and invariant differential operators on a 
homogeneous spaces of isometry groups. This expression enables to find some explicit series 
of energy levels for two particles on the sphere . The most part of these series corresponds 
to equal particle masses. Probably, the quasi-exactly solvability of this quantum problem 
is connected with the existence of some closed trajectories of the corresponding classical 
system. Clearly, it is not difficult to find circular trajectories, when the distance between 
particles with equal masses is constant. 

A connection of closed trajectories of some non-integrable classical mechanical problem 
with the spectrum of the corresponding quantum mechanical system was studied in many 
papers (see the overview and references in |41|). It would be interesting to find such a 
connection in the problem under consideration and also to calculate some exact spectral 
series for the two-body problem on S", n ^ 4. 

It was conjectured in 22 that the two-body Hamiltonian on the hyperbolic plane 
has no discrete energy levels. The same seems to be valid for spaces H", n > 3. 

The explicit form of the Hamilton function for the reduced two-body problem in con- 
stant curvature spaces, founded in with a help of computer algebraic calculations, was 
used there to prove the absence of particles collision. In the present paper we have derived 
the explicit form of the reduced Hamilton function without computer calculations and 
clarify its connection with the two-body quantum Hamiltonian. This form of the Hamil- 
tonian reduction seems to be the most natural from the geometric point of view, since 
the "radial" degree of freedom, invariant w.r.t. the isometry group, is isolated as a direct 
factor and another direct factor corresponds to the cotangent bundle over a homogeneous 
manifold of the isometry group. The only a priori integrable case of the reduced classi- 
cal two-body problem with a central interaction on constant curvature spaces, different 
from particles movement along a common geodesic, corresponds to the reduced Hamilton 
function 1^^. 
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